Introduction
Conformal deformations play an important role in the global geometry. In general, such deformations are guided by certain partial di erential equations. Yamabe problem is one of the examples. In this paper, we are interested in a class of fully nonlinear di erential equations related to the deformation of conformal metrics.
Let (M g 0 ) be a compact connected smooth Riemannian manifold of dimension n 3, and let g 0 ] denote the conformal class of g 0 . The Schouten tensor of the metric g is de ned as S g = 1 n ; 2 Ric g ; R g 2(n ; 1) g where Ric g and R g are the Ricci tensor and scalar curvature of g respectively. This tensor is connected to the study of conformal invariants, in particular conformally invariant tensors and di erential operators (e.g., see 6] and references therein). In 16], The following k -scalar curvatures of g were considered by Viaclovsky in 16]: k (g) : = k (g ;1 S g ) where k is the kth elementary symmetric function, g ;1 S g is locally de ned by ( g ;1 S g ) i j = g ik (S g ) kj . When k = 1 , 1 -scalar curvature is just the scalar curvature R (upto a constant multiple). k can also beviewed as a function of the eigenvalues of symmetric matrices, that is a function in R n . According to G_ arding 7] , ; + k = f = ( 1 2 n ) 2 R n j j ( ) > 0 8j kg is a natural class for k . A metric g is said to bein ; + k if j (g)(x) > 0 for j k and x 2 M.
The case of k = 1, deforming scalar curvature R to a constant in its conformal class is known as the Yamabe problem, the nal solution was obtained by Schoen 
Here, and in the rest of the paper, we will always work with the background metric g 0 .
More generally, one would like to consider equation of the form 1=k k r 2 u + du du ; jruj 2 2 g 0 + S g 0 = f e ;2u (2) for a nonnegative function f. The equation (1) is a type of fully nonlinear equation when k 2. To solve the problem, one needs to establish a priori estimates for the solutions of these equations. One may immediately nd out that such a priori estimates can not exist in general. On the standard sphere there is a non-compact family of solutions to equation (1) . In solving the Yamabe problem, the blow-up (or rescaling) technique plays a very important role to rule out the exceptional case of standard sphere. This kind of technique can beapplied since there exist local estimates in the Yamabe problem, which corresponds to a semilinear elliptic equation. The main objective of this paper is to establish the similar local estimates for the fully nonlinear equation (1) . These are the local derivative estimates upto second order for the solutions, the crucial step is the local C 1 estimates. These local estimates bear some direct consequences to uniqueness and existence of equation (1) by following similar steps as in Schoen's work ( 13, 14] ) in the Yamabe problem. We will persue these elsewhere.
We note that local estimates in general do not hold for fully nonlinear equations. Pogorelov 11] constructed an example for Monge-Amp ere equation which there is no interior estimates when the dimension n 3.
There have been some recent developments related to the equation (2 (2) depending on global C 0 bounds. When k = n, he proved global C 0 boundsandthe existence, under some geometric conditions. In an important case n = 4 and k = 2, Chang, Gursky and Yang obtained a global a priori estimate in 4] by geometric arguments for the equation (2) when the manifold is not conformally equivalent to the standard 4-sphere, which in turn gives the existence of the solutions for equation (1) in the special case n = 4 a n d k = 2 . Now, we state our main results. As a consequence, we h a ve the following -convergence. 
Furthermore, if 2 ; + q , t h e n i 2 ; + q;1 8q = 0 1 n , i = 1 2 n .
De nition 1. Let W = (r 2 u + du du ; jruj 2 2 g 0 + g 0 ), for u 2 C 2 , we say u is an admissible solution of equation (2) The following is the local C 1 estimates.
Proposition 2. Let u 2 C 3 be an admissible solution of (2) in B r for some r > 0. There exists a constant c > 0 depending only on k, n, r, kg 0 k C 3 (Br) and kfk C 1 (Br) such that jruj 2 (x) < c (1 + e ;2 i n f Br u ) for x 2 B r=2 : 
Here b 0 > 1 is a constant .
Set H = jruj 2 and assume that H achieves its maximum at x 0 . After appropriate choice of the normal coordinates at x 0 , we may assume that W is diagonal at the point. Let w ij betheentries of W, w e h a ve a t x 0 , w ii = u ii + u 2 i ; 1 2 jruj 2 + S ii u ij = ;u i u j ; S ij 8i 6 = j (9) where S ij are entries of S g 0 and u i = r i u = @u (F ij ) is a diagonal matrix at x 0 as W is diagonal. We denote i = w ii a n d = ( 1 2 n ). In what follows, we denote C (which m a y vary from line to line) as a constant depending only on kfk C 1 (B 1 ) , k, n, and kg 0 k C 3 (B 1 ) (kfk C 2 (B 1 ) and kg 0 k C 4 (B 1 ) in the next section). By Proposition 1 and (12), 0 F ij H ij = F ij ;2 i j + ij jruj 2 + 2 u lij u l + 2 u il u jl :
The rst term in (13) 
Here, we h a ve used
We need the following crucial Lemma.
Lemma 1. We may pick constant A 0 su cient large (depending only on k, n, a n d kg 0 k C 3 (B 1 ) ), F ii : (15) Assuming the lemma, the Proposition can be proved as follows. Inequalities (13), (14) , (5) 
Now w e v erify the Lemma. 
LOCAL ESTIMATES FOR A CLASS OF FULLY NONLINEAR EQUATIONS
We may assume that j 0 = n. We consider the subcases k n ; 2 and k = n ; 1 separately. The claim (18) is valid for this subcase if we just simply pick A 0 (64(n ; k + 1 ) ) 2 :
Subcase 3.2. k = n ; 1.
If we p i c k A 0 large enough, from (23) we h a ve w nn < 0. Since (w ij ) 2 ; + n;1 , there is at most one negative eigenvalue. Thus, w ii 0 for any i < n .
>From Proposition 1, for any i 6 = n, ( w ii w nn ) 2 ; + 1 and (w ii w jj w nn ) 2 ; + 2 for i 6 = j and i j < n. This implies that w ii + w nn > ;w ii w nn w jj for i 6 = j and i j < n: (27) We rst show that the order of I 1 is 1. Assume by contradiction that there are at least two distinct i j 2 I 1 . By (27) and (21) Also, for 1 < j < n, w jj + w nn > 0 and jw nn + jruj 2 =2j 2 0 jruj 2 , it follows (w jj + w 11 ) < 2 1;2 0 w jj . Therefore, F n;2 F nn = ( w jj + w 11 ) n;3 ( 1jn ) < 2 1 ; 2 0 w jj n;3 ( 1jn ):
Together with F jj F nn , w e h a ve w jj n;3 ( 1jn ) cF n;2 X i F ii for j 2 I 0 2 :
The claim is veri ed, so is the lemma for case 3.
Case 4. k n ; 1 and there is no j 2 I satisfying (22).
We m a y assume that there is i 0 such thatũ 2 Proposition 3. Let k 2, suppose u 2 C 4 be an admissible solution of (2) in B r . Then, there exists a constant c > 0 depending only on r, kg 0 k C 4 (Br) and kfk C 2 (Br) such that jr 2 uj(x) < c (1 + e ;2 i n f Br u ) for x 2 B r=2 :
Proof: Again, we assume r = 1 . Since u is admissible, and W 2 ; + k for k 2, there is a constant c depending only on k and n, jw ij j c 
It follows from (34) that at y 0 , G C(1 + e ;2 i n f B 1 u ).
Remark 2. Since the estimates in Theorem 1 are independent of the lower bound of f, C 1 1 regularity estimates can be deduced for the solutions of degenerate equation (2) u ; c " 0 for some constant c " 0 > 0 depending only on " 0 .
Proof: We make use of a rescaling argument as in 13], together with Theorem 1, to prove this Proposition.
Assume by c o n tradiction that there is a sequence of solutions u i of (2) 
